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The proper orthogonal decomposition method has been shown to produce accurate reduced-order models for the
aeroelastic analysis of complete aircraft configurations at fixed flight conditions. However, changes in the Mach
number or angle of attack often necessitate the reconstruction of the reduced-order model to maintain accuracy,
which destroys the sought-after computational efficiency. Straightforward approaches for reduced-order model
adaptation—such as the global proper orthogonal decomposition method and the direct interpolation of the proper
orthogonal decomposition basis vectors—that have been attempted in the past have been shown to lead to inaccurate
proper orthogonal decomposition bases in the transonic flight regime. Alternatively, a new reduced-order model
adaptation scheme is described in this paper and evaluated for changes in the freestream Mach number and angle of
attack. This scheme interpolates the subspace angles between two proper orthogonal decomposition subspaces, then
generates a new proper orthogonal decomposition basis through an orthogonal transformation based on the
interpolated subspace angles. The resulting computational methodology is applied to a complete F-16 configuration
in various airstreams. The predicted aeroelastic frequencies and damping coefficients are compared with
counterparts obtained from full-order nonlinear aeroelastic simulations and flight test data. Good correlations are
observed, including in the transonic regime. The obtained computational results reveal a significant potential of the
adapted reduced-order model computational technology for accurate, near-real-time, aeroelastic predictions.
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point
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I. Introduction

N THE transonic flight regime, state-of-the-art computational

fluid dynamics (CFD)-based nonlinear simulation technologies
[1-4] have become a superior choice over linear computational
methods [5,6] for aeroelastic analysis. They have also become a
viable alternative to scaled wind-tunnel testing for flutter prediction.
For example, the AERO code was reported to accurately predict the
aeroelastic parameters of a complete F-16 configuration at five
different Mach numbers in the transonic regime, in less than one day
using a 128-processor machine, and in less than three days using an
eight-processor computing platform [3.4]. Such performance meets
the nonlinear aeroelastic challenge recently formulated in [7].
However, it is insufficient for enabling routine aeroelastic analyses in
design and test operations, due to the still lengthy simulation time.

The major computational cost incurred by CFD-based nonlinear
aeroelastic simulations is attributable to the need for high-fidelity
fluid models to resolve the complex flow patterns present in the
transonic regime. Because of this computational cost, the potential of
CFD-based nonlinear aeroelastic codes is currently limited to the
analysis of a few, carefully chosen configurations rather than routine
analysis. In some instances such as those discussed later in this paper,
it is possible, however, to address this limitation with the use of
reduced-order models (ROMs). For example, it was recently shown
[8—18] that ROMs constructed by a variety of methods can produce
numerical results that compare well with those generated by full-
order nonlinear models. In particular, the popular proper orthogonal
decomposition (POD) method [19,20] has been successfully applied
to simple airfoils [10-12,14], panels [21], wings [13,15,16], turbine
blades [17,18], and most recently to complete aircraft configurations
[22,23]. However, one aspect of ROMs that should not be ignored is
that, often, their construction requires a significant amount of
computational resources. For example, both the POD and Volterra
series [24] approaches can be CPU intensive as they require
accumulating system responses from numerical simulations based
on the full-order computational model. Furthermore, a ROM
constructed by POD or any other similar technique is usually not
robust with respect to changes in a model parameter [14,25]. In
principle, it should be reconstructed whenever a model parameter is
updated. To avoid this overhead cost, ROM adaptation algorithms
are needed. Some progress in this area has been recently reported for
the case of structural parameters [15]; however, with few exceptions
freestream Mach number and angle of attack. Hence, the objectives
of this paper are twofold: 1) to overview the results of a POD-based
ROM methodology for the CFD-based aeroelastic analysis of a
complete fighter configuration, including in the transonic regime,
and 2) to present and analyze an algorithm for rapidly adapting
aeroelastic ROMs to changes in the freestream Mach number and
angle of attack. To this effect, the remainder of this paper is organized
as follows.

In Sec. I, the computational framework adopted for constructing a
POD-based ROM is presented. In Sec. III, a novel algorithm for
adapting two given ROMs to changes in the freestream Mach number
and/or angle of attack is described. This algorithm is contrasted with
two other adaptation methods, namely, the global POD (GPOD) and

direct basis interpolation methods. In Sec. IV, the proposed ROM
computational technology is applied to the aeroelastic analysis of a
complete F-16 configuration at low angles of attack. The aeroelastic
parameters obtained using the ROMs are compared with those
obtained using full-order nonlinear simulations and flight test data.
Finally, conclusions pertaining to the performance characteristics,
merits, limitations, and potential of the described computational
methodologies are formulated in Sec. V.

II. Nonlinear and Linearized
Computational Frameworks

To construct a POD subspace, an ensemble of sample data
representative of some physical system—in this case, a flexible
aircraft—is required. These sample data are generated here by
numerical simulation in the frequency domain of the linearized flows
associated with a set of excitations of the displacement field of the
structural model of the aircraft. To this effect, the transient aeroelastic
problem is first formulated as a coupled, nonlinear, fluid/structure
interaction problem. However, to facilitate the application of the
POD method, this nonlinear formulation is then linearized around a
steady-state solution determined by the freestream Mach number and
angle of attack (assuming a fixed yaw angle). Although the main
objective of aeroelastic reduced-order modeling is to reduce the size
of the coupled aeroelastic system, model reduction is performed here
separately for the individual fluid and structural subsystems. This
decoupled approach has several advantages. First, it allows using the
most suitable ROM approach for each separate subsystem. For
example, a modal-based ROM is as effective for a structural
subsystem as a POD-based one and simpler to construct.
Furthermore, this approach allows formulating the fluid subsystem
in adimensionalized form so that the resulting POD basis is
independent of the freestream pressure and density, thus making the
resulting fluid ROM independent of altitude. This robustness with
respect to changes in the freestream density and/or pressure would be
more difficult to achieve if reduced-order modeling were to be
applied to the coupled aeroelastic system in a monolithic fashion,
because the state of the coupled system depends on these freestream
parameters.

For simplicity but without any lack of generality, the flow is
assumed to be inviscid throughout the remainder of this paper. The
three-field arbitrary Lagrangian—Eulerian (ALE) formulation of
fluid/structure interaction problems popularized by Farhat et al. [29]
is adopted for all full-order nonlinear aeroelastic simulations. An
extension of the linearization of this formulation introduced by
Lesoinne et al. [30] is chosen as the computational framework for
POD calculations. The main steps of the POD algorithm closely
follow the procedure set forth in previous works [9,10,15,31], but are
adapted to fit within the chosen computational framework.

A. Governing Equations

A nonlinear aeroelastic system can be represented by the three-
field ALE formulation [29] of fluid/structure interaction problems.
After semidiscretization by a combination of finite element (FE) and
finite volume methods, this formulation gives rise to three coupled
ordinary differential equations of the form:

(Ax)w), + F(w,x,x) =0 1)
Mi + f"(u,u) = f*'(u, w) )
Kx=K,u 3)

Here, Eq. (1) represents a finite volume discretization of the ALE
conservation form of the fluid equations. Equation (2) is a FE
discretization of the structural equations of dynamic equilibrium.
The various Dirichlet and Neumann boundary conditions associated
with the fluid and structural subproblems are embedded in the above
system and, for simplicity, are not explicitly stated. In many
aeroelastic applications, the boundary of the fluid domain is required
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to deform according to the motion of the wet surface of the structure.
This is represented here by Eq. (3) which models the fluid mesh as a
pseudostructure with a quasistatic behavior [32]. The transfer matrix
KC describes the effect of structural motions on the fluid mesh at the
fluid-structure interface [33]. For the purpose of constructing a
ROM, the above formulation of an aeroelastic problem is simplified
as follows.

First, both the fluid and structural equations are linearized around
an equilibrium point designated by the subscript o and satisfying
w, = x, =0, following the approach described first in [30,34].
Equation (1) is perturbed about an equilibrium configuration
(w,, W,, X, X,) so that

W (M. ) =Wy (Moo, @) + dw

WM, a) =w,(M, o) + 6w

X(My, @) =X,(My,, @) + 6x

X(My, o) =X,(My, ) + 6x
The resulting linearized system is adimensionalized [23] so that it is
independent of the freestream density and pressure, and therefore of
altitude, but dependent only on the freestream Mach number and

angle of attack (assuming a fixed yaw angle). Equation (1) is thus
transformed into

A (W), +H, 8w + (E, + C,)6x + G,6x =0 @)

where
R=AG) W, = 00,54,
7 U - OF .
Eo - ﬁ (Xo)wu Co - g (W(,, Xa)
- ai
GU (WO’ X07 XU)

and the bar notation designates adimensionalized quantities. The
matrices H,, GD, E,, and C, are the first-order terms of a Taylor
expansion of the adlrnemlonahzed numerical flux function around
the adimensionalized operating point (W,, X,, §,,). The matrix H,
has in general a rank equal to the number of fluid degrees of freedom
(dof).

The linearization of the structural subsystem is accomplished
similarly by perturbing the system in Eq. (2) around an equilibrium
state so that

u=w, + éw, u=u, + éu

u=u,+du, =i, + i

which leads to
M i + D,éu + K 6u =P, éw (5)
where

afmt a cXt

o a (ul)’u()) K& = KO a (w()’u(J)

afmt 8fcxt
Do a (uw uo) Po - W (ww uo)

To keep the notation as compact as possible, the subscript o and
the prefix § are dropped in the remainder of this paper. The same
variables w, X, and u are used to denote the perturbations of the fluid
state, mesh motion, and structural motion vectors, respectively,
around the chosen equilibrium point.

The fluid mesh position and velocity variables x and X are
eliminated from the coupled system of linearized equations by
introducing

K =K 'K, 6)
so that

x=Ka x=Ku )
where u is measured with respect to its equilibrium configuration.
The above algebraic manipulations allow rewriting Eq. (4) as

AW, +HW+(E +COKu+GKua=0 ®)

Next, neglecting the effect of 0f**'/du|, and D,, that is, assuming
that K| ~ K, and zero damping, Eq. (5) is projected on a basis of
dry, natural, structural modes and therefore is transformed into

Iid, + Q%u, =P,w )

The use of a modal basis to represent the structure accomplishes
two important goals. First, it reduces the number of degrees of
freedom of the structure, thus contributing to a more compact
aeroelastic ROM. Second, it reduces the size of the coupling matrices
in the linearized fluid equation (8).

Equations (8) and (9) define the linearized aeroelastic formulation
adopted in this paper. Because it depends on the specified freestream
Mach number and angle of attack, the linearized fluid subsystem (8)
provides a good approximation of its nonlinear counterpart only
when perturbed close to its linearization point.

The computational cost associated with the solution of the
linearized coupled system of Egs. (8) and (9) can be expected to be
less than that associated with the solution of its nonlinear counterpart;
however, this cost can still be considerable because of the size of the
discrete fluid subsystem. A POD-based fluid ROM such as the one
presented next aims at addressing the latter issue.

B. Construction of POD-Based Fluid and Aeroelastic ROMs

POD is amethod that provides a basis for representing a given data
set from which a lower-dimensional subspace can be identified.
When the given data set is, in some way, representative of a physical
system, the resulting reduced basis can be deemed a low-order model
of the original full-order model representing that system. The theory
and application of POD is covered in many publications [15,35-37].
For the sake of brevity, readers are referred to these references.
However, to keep this paper as self-contained as possible, the POD
procedure used within the aeroelastic computational framework
described in the previous section is summarized here. This procedure
is similar in spirit to the approaches exposed in earlier works [10,11].

1) Generate complex-valued snapshot solutions of Eq. (8) in the
frequency domain for various values of the reduced frequency k:

W (k) = (ikA + H)~' (ik(E + C) + G)Ki; (10)

Equation (10) is obtained by assuming a periodic solution of the form
W=W,; %" and a periodic excitation of the form u = u; e'** where
u;isa prescnbed structural displacement field. For each specified
value of u;, a sweep is performed on the reduced frequency k and
several snapshots w;(k) are generated. Typically, u; is chosen as a
dry natural mode of the structure and therefore the total number of
generated snapshots is equal to the product of the number of
excitation modes and the number of considered reduced frequencies.
The values of k are generated by sweeping over a chosen frequency
band. For this purpose, a constant increment Ak is used in this work.
Alternatively, a variable Ak can be used to improve the
approximation of the correlation matrix R, defined below (see [38]
for further details).
2) Form the real-valued correlation matrix:

R =SS§7 11
where the superscript 7' designates the transpose,

S =[Re(W) Im(W)] 12)
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and each column of W contains a complex-valued snapshot of the
form given in Eq. (10).

3) Compute the eigenvalues and eigenvectors of the correlation
matrix R: However, since all nonzero eigenvalues of the matrix SS
are also eigenvalues of the correlation matrix R, and the size of STS
is significantly smaller than that of R, it is more attractive to replace
this step by the solution of the alternative generalized eigenvalue
problem STSW = WA [31]. Then, form the following POD basis:

® =SUA: 13)
which satisfies
dTP =1 (14)

4) Form a truncated POD basis ®, by reducing the size of the
matrix ® to a few r columns: Usually, the magnitude of the
eigenvalue associated with a column of W (and therefore ®) is used as
a criterion for deciding which POD vector to retain and which to
discard.

5) Project the snapshots on the truncated POD basis:

WA d,W, < W, = 0w (15)

6) Project the governing fluid equation (8) onto the POD basis:
This step leads to

w,),=—®TA'H,®w, — ®’A"'(E + C)Ku +G K 1)
(16)
which is rewritten here as
(Wr).r = ﬁlw - Bryr (17)
where
H =-¢"(A"'H)®,
_ a1 s
B,=®/A"'[(E+C)K GK]| ¥ = []

Depending on the size of the truncated POD basis defined in step 4,
the adimensionalized reduced-order fluid state vector w,, the fluid
subsystem matrix H,, and the coupling matrix B, can be
significantly smaller than their full-order counterparts.

In summary, the POD process outlined previously leads to a
reduced basis that can be used for constructing a fluid ROM for a
specified freestream Mach number and a specified angle of attack.
The corresponding aeroelastic ROM is obtained by coupling Eq. (17)
with Eq. (9). The fluid ROM, and therefore the aeroelastic ROM,
may be used for computing flows and aeroelastic responses at the
specified freestream Mach number and angle of attack, but for
variable freestream pressure and density and therefore variable
altitude. It is also noted that, although the above procedure can be
adapted to generate a POD basis in the time domain, it was observed
that ROMs constructed by the frequency domain approach tend to
require fewer basis vectors to achieve the desired accuracy [23].

III. Adaptation of the Aeroelastic ROM to Changes
in the Mach Number and Angle of Attack

The main drawback of a POD-based ROM such as that described
in Sec. Il.B—and for that matter, any similarly constructed ROM—is
the lack of robustness over an entire parameter space. This is partly
because the data samples are collected only within a small region of
the state space. Although this focused data sampling leads to a very
accurate ROM, it does not lead to a reduced-order basis that can
accurately capture the solution space for a wide range of the
parameter space. In particular, because the steady-state, adimen-
sionalized fluid solution is a function of the freestream Mach number
and angle of attack, the POD basis is sensitive to changes in these two
parameters. Thus, a ROM generated by the procedure outlined above
cannot be expected to approximate well the fluid subsystem for

freestream Mach numbers and/or angles of attack away from the
operating (equilibrium) point. To this effect, a few approaches have
been proposed to adapt a POD basis to address a parameter variation.
These include the GPOD method [39—41], the direct interpolation of
the basis vectors [16], and the recently introduced subspace angle
interpolation method [16,25,27,28].

The basic idea behind the GPOD approach is to enrich the
snapshot matrix W with solutions corresponding to different values
of the ROM parameters such as the freestream Mach number and
angle of attack. This approach was demonstrated at very low
freestream Mach numbers, 0.04 < M, < 0.05, and for angles of
attack ranging between 0 and 20 deg. However, besides the fact that,
by construction, the GPOD approach loses the optimal approxi-
mation property of the POD method, this approach was shown to fail
in the transonic regime [23].

As its name suggests, the direct interpolation method generates a
POD basis for a new set of model parameters by interpolating the
POD basis vectors constructed for previous values of these model
parameters. Unfortunately, this simple method was also shown to fail
in the transonic regime [16,25].

Alternatively, the subspace angle interpolation method adapts two
ROMs associated with two different sets of values of the model
parameters to a third set of parameter values, by interpolating the
subspace angles between the two given POD bases rather than
directly interpolating the vectors of these bases. The basic idea
behind this method was introduced in [16]. Preliminary results
obtained for its application to full aircraft configurations and changes
in the freestream Mach number have recently been reported in
[27,28]. In this paper, this method is revisited in the context of
adaptation to changes in both the freestream Mach number and angle
of attack. New light is shed on its performance in the transonic regime
as well as its limitations. Extensive applications to an F-16 aircraft
configuration are also presented and discussed.

A. Subspace Angle Interpolation Method

Let n denote the size of the full-order CFD model and C denote the
complex plane.

Definition 1: Let M denote a subspace of C" of dimension p
equipped with the usual Hermitian norm, and A" another subspace of
C" of dimension g with ¢ < p. The smallest angle, 6, € [0, /2],
between M and N is defined by

cos 6, = max maxu*v (19)
ueM  veN
=1 vl =1

where u is not to be confused with its previous meaning, and the *
operation denotes the usual Hermitian inner product. Denote by the
subscript 1 the pair of vectors u € M and v € N defining 6,. Each
subsequent angle, 0, € [0, 7/2], k =2,...,q, is defined recursively
as the smallest angle between the orthogonal complement in M to
{u,,...,u_}, denoted here by M;i ;, and the orthogonal
complementin NV to {v,, ..., v,_,}, denoted here by N ;. This can
be written as

cos 0 = | max maxu*v | =u;v, 20)

ueMk
lully=1"lIvll,=1

The angles 6, defined by Eqs. (19) and (20) are known as the
principal angles between the subspaces M and V.

Definition 2: The principal vectors of the pair of subspaces
(M,N) are the two vector sets U={u;,...,u,} and V=
{v{,...,V,}, where u; and v, are the vectors introduced in
definition 1. U forms a unitary basis of M, and V may be
complemented by (p — ¢) unitary vectors to obtain a unitary basis of
N.

The principal angles 6, can be interpreted as the set of angles
providing a series of rotations that transform one of the two
considered subspaces into the other one. These angles can be
computed by the following algorithm [42]. Let @, and ®, denote two
matrices storing the POD basis vectors constructed for two different



1248 LIEU AND FARHAT

values of a model parameter such as the freestream Mach number,
and let Y, X, and Z be the matrices obtained by the following
singular value decomposition (SVD):

®7®,=YIZ @1

The cosines of the principal angles 6, are given by the singular values
stored in the diagonal matrix X, and the principal vectors are given
by

U=Y®, and V=279, 22)

If for the sake of simplicity ®; and ®, have the same size r, the SVD
described above yields r principal angles and r pairs of principal
vectors.

B. Adaptation to a Change in the Freestream Mach Number
Suppose that two fluid POD bases, ® (M, , ;) and ®,(M,,
a,), corresponding to two different values of the freestream Mach
numbers, M, and M, but the same value of the angle of attack, &,
have been precomputed. Using this information, the subspace angle
interpolation method constructs a fluid POD basis, and then a POD-
based aeroelastic ROM, associated with an arbitrary freestream
Mach number M, <M, <M, in two fast steps. First, it
computes the principal angles between ®;(M,, .c;) and

® (M, a,), 0, by linear interpolation as follows:

N Moo _Moo]
Step 1: O (@1, @M, o)) = | 5 = = |O(P1. P2)
00y o0;

k=1,2,....r, My €My M)

(23)

Then, noting that each principal angle represents the rotation through
which a basis vector of one subspace can be transformed into a basis
vector of the other subspace, it constructs each vector e, of the basis
® (M, a;) by rotating the principal vectoru;, € UM, , &) toward
its corresponding principal vector v, € V(M,,a;), by an angle
equal to the interpolated principal angle 6,(®,, ®) (23) (Fig. D).
Using simple computational geometry, this can be written as

Step 2: e, (M4, ;) =uycos ék(<I>, , D)
Vi — (UZVk)“k
Vi — (ivi)ull

k=1,2,...,r

sin 6,(®,. @) (24)

In principle, there exists an infinite number of planes in which the
rotation described in step 2 can be performed. The subspace angle
interpolation method chooses for this purpose the plane formed by
the pair of principal vectors (uy, v;) to easily satisfy the constraints

ek(Moolval):uk and ek(Moozval):Vk (25)

This is equivalent to assuming that the true POD basis vector e, lies
in the plane formed by the pair of principal vectors (uy, v;), which
may or may not be true.

The set of vectors {e;}X=/ constitutes a fluid POD basis associated
with the intermediate freestream Mach number M. Using this basis,
Egs. (9), (17), and (18), the adaptation of the two precomputed

v — (uV)u ind
R T Y

Fig. 1 Rotation of a principal vector u through an interpolated
principal angle 6 toward the corresponding principal vector v

aeroelastic ROMs represented by ®; and ®, to a change in the
freestream Mach number can be performed in near real time on any
reasonably fast computing platform. Benefiting applications include,
among others, the fast computation of flutter speed index curves.

C. Adaptation to a Change in the Angle of Attack

Similarly, suppose that two fluid POD bases, ®,(M,,, ;) and
®,(M,, o), corresponding to two different values of the angle of
attack, «; and «,, but the same value of the freestream Mach number,
M, , have been precomputed. Following the same two-step
procedure described in the previous section, the subspace angle
interpolation method constructs a fluid POD basis, and then a POD-
based aeroelastic ROM, associated with an arbitrary angle of attack
oy <o <o, as follows. First, it computes the principal angles
between @ (M, , ;) and ®(M, , @), 0y, by linear interpolation as
follows:

~ o — 0o

Step 1: 6,(®,, ®(M = 0,(®,,

o 1 0000 = (S oo
k=1,2,...,r, o € oy, o)

Then, it constructs each vector e, of the basis ® (M, , «) by rotating
the principal vector u, € UM, , ;) toward its corresponding
principal vector v € V(M .a,), by an angle equal to the

interpolated principal angle 6, (®,, ®) (26). As before, this can be
written as

Step 2: ,(M,,,, @) = uy cos O,(®,, D)
Vi — (“{Vk)uk
v — (“ZVk)“knz

k=1,2,...,r

sin 6,(®,, ®) 27)

Again, using the adapted reduced basis ® described above in the
projection steps outlined in Egs. (9), (17), and (18), the new ROM
corresponding to the desired change in the angle of attack can be
generated in near real time on any reasonably fast computing
platform. Benefiting applications include, among others, the
aeroelastic analysis of a system for variable payloads (and therefore
variable trim angles).

D. Adaptation to Simultaneous Changes in Freestream Mach
Number and Angle of Attack

Both Eqs. (23) and (26) can be interpreted as a first-order Taylor
expansion around a given point. This suggests an extension of the
subspace angle interpolation method to the case of simultaneous
changes in the freestream Mach number and angle of attack whose
first step is

Step 1%: 0,(®, (M., ), B(M,., @)

Moo - Moo]
= (m)ek(‘l’l O, (M, 1))
2 1 (28)

+ ((x — 4 )ek(q)h (M, . )

0 —

k=1,2,...,r, My, €My, ,M,]. a € o, o)

and whose second step constructs each vector e, of the basis
® (M, «) by rotating the principal vector u, € U(M, , ;) toward
its corresponding principal vector v, € V(M,,.,a,), by an angle
equal to the interpolated principal angle 6,(®,, ®) (26) described
previously. This leads to
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a) Detailed FE structural model

b) Fluid surface grid

Fig. 2 F-16 aeroelastic (full-order) computational model.

Step 2: e, (M, @) = u; cos ék(<1>l, D)
v — (ufvyu,
Vi — (v ull

k=1,2,...,r (29)

sin 0, (®,, ®)

Unfortunately, step 1* is difficult to interpret and justify because
rotations are usually not additive. Because, in general, the
aerodynamics loads vary linearly with the angle of attack but
quadratically with the Mach number, the effect of the Mach number
is privileged here and the following alternative to step 1* is proposed:

Step 1: ék(Ql(Moo],(xl),Q(thx))

M., — M,
= (M)Ok(q’hq’z(ﬂ’l%,az))
k=12.....r.  M,eMg . .M.] (30)

In addition to being more consistent with step 2 described in Eq. (29)
where u, € UM, ;) and v, € V(M,,,a,), step 1 described
above has the computational advantage of operating on two rather
than three fluid ROMs.

E. Justification and Limitation

As described in the previous sections, the subspace angle
interpolation method is essentially a linear approximation method
determined by the state of two reference POD subspaces. It can be
expected to perform well in the intervals where 1) the principal
angles between one of the reference POD subspaces and the sought-
after POD subspace vary linearly with the freestream Mach number
and/or angle of attack, and 2) the principal vectors of the sought-after
POD subspace lie within or close to the plane defined by one
corresponding principal vector from each of the reference POD
subspaces. This method is particularly interesting when these
conditions are satisfied, but the POD basis vectors do not vary
linearly with the freestream Mach number and angle of attack in the
considered parameter intervals—that is, when the direct basis
interpolation method cannot be expected to perform well.

At the time of writing this paper, a drawback of this method is that
its extension to higher-order interpolations is unclear. Furthermore,
whereas error bounds have been developed for the POD method for
nonlinear parabolic systems [43,44], the development of error
bounds for the proposed interpolation method remains an open
problem. Despite these limitations, the results reported in the
remainder of this paper highlight the fact that the subspace angle
method offers a significant potential for adapting aeroelastic ROMs
to changes in flight parameters as demonstrated next.

IV. Aeroelastic Parametric Identification
of a Complete F-16 Configuration
Here, the ROM and ROM adaptation methodologies described in
the previous sections are applied to the aeroelastic parametric
identification of a complete F-16 configuration with clean wings. The
considered full-order aeroelastic computational model consists of a

168,799-dof FE structural model built with bar, beam, solid, plate,
and shell, metallic, and composite elements, and an unstructured
CFD (Euler) grid with 403,919 vertices and more than 2 x 10° dofs
(Fig. 2). This full-order computational model and the AERO code
[3,4] are used to generate the various snapshots needed for
constructing the aeroelastic ROMs, and to compute full-order
linearized as well as nonlinear aeroelastic reference solutions. For
each considered freestream Mach number, the trim angle of attack is
computed and used to define the flight conditions. In all cases, nine
low-frequency dry structural modes are used to construct the
aeroelastic ROMs, H is evaluated by a semi-analytical method [30],
and E, C, and G are computed by a finite difference scheme.

First, fixed flight conditions are considered to validate the basic
POD-based ROM methodology described in this paper. For this
purpose, the lift time histories computed from ROM simulations are
compared with their counterparts obtained from full-order
computations. In each case, an eigenvalue realization algorithm
(ERA) [45] is applied to the simulated lift time histories to extract the
aeroelastic damping coefficients. In general, the ERA algorithm
requires at least three cycles of time-response data to identify a mode.
For fighter aircraft, the first torsional mode usually plays an
important role in flutter. For the F-16 aircraft configuration
considered here, the frequency of the first dry torsional mode is about
7.4 Hz. This means that the identification by the chosen ERA of the
aeroelastic damping coefficient of the first torsional mode requires
the simulation of the first 0.5 s of aeroelastic response of the
considered F-16 aircraft configuration. However, to increase the
level of confidence in the identification procedure, the time-domain
simulations are performed in most cases for a time window of 0.75 s.
The results obtained using the aeroelastic ROMs and full-order
model counterparts are contrasted and compared with the results
obtained from flight test data.

Next, both the subspace angle and direct basis interpolation
methods are applied to adapt the ROMs constructed for fixed flight
conditions to various changes in the freestream Mach number and
angle of attack. Again, lift histories and aeroelastic damping ratios
are reported to analyze and contrast the performances of these two
adaptation methods.

All computations are performed on a Linux cluster with
32 Pentium 4, 3.0 GHz processors. CPU performance results are
reported for all ROM-based, adapted ROM-based, and full-order
nonlinear simulations.

A. ROM Validation for Fixed Freestream Mach Number and Angle
of Attack

Here, POD-based ROMs of the F-16 fighter are constructed for
fixed flight conditions. First, the freestream Mach number is set to
M, = 0.799, and the angle of attack is set to the corresponding trim
value o =2.4 deg. Snapshots are generated by applying an
excitation that is proportional to a particular structural mode for five
different values of the reduced frequency 0 < k < 0.02. The
snapshot collection process is repeated for nine different dry modes
of the structural model. An aeroelastic ROM is then constructed
following the procedure outlined in Sec. IL.B. The performance of
this ROM is assessed by applying it to the prediction of the transient
aeroelastic response to a disturbance of the trimmed aircraft at
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Fig. 3 Lift time histories generated for M, = 0.799 and various freestream dynamic pressures ¢, using i) the aeroelastic ROM, and ii) the full-order

linearized fluid model coupled with the modalized structural model.

various altitudes. The disturbance is generated by an initial
displacement excitation proportional to the first dry torsional mode.
Figure 3 reports, for various values of the freestream dynamic
pressure, the lift time histories predicted using the constructed ROM,
and an aeroelastic model in which the full-order linearized fluid
model is coupled to the modalized structure. The number of POD
basis vectors used in the ROM construction is identified between
parentheses in all figure legends. The reader can observe that in all
cases, the ROM performs well. Figure 4 focuses on the freestream
dynamic pressure g, = 650 Ib/ft> at 10,000 ft altitude and
compares the time history of the lift predicted by the ROM with that
predicted by the full-order nonlinear aeroelastic model. The reader
can observe that the ROM is capable of tracking well the full-order
nonlinear aeroelastic solution. Both lift time histories exhibit the
same frequency, but very minor variations in amplitude.

Next, several other aeroelastic ROMs are constructed using the
same procedure outlined previously for subsonic, transonic, and
supersonic trimmed flight conditions. The lift time histories are
generated and postprocessed by the ERA to compute the aeroelastic
damping coefficients of the first torsional mode. The results are
reported in Fig. 5 as a function of the freestream Mach number, and
compared with their counterparts obtained from full-order nonlinear
simulations and flight test data. Given all the uncertainties associated

46F == Full-order nonlinear aeroelastic |
=== ROM (60)
44F R

Lift (i)

36

il

dzp o b

3 1 1 1 1 1 1 1 1 1
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Time (s)
Fig. 4 Comparison between the lift time histories predicted by i) the
aeroelastic ROM, and ii) the full-order nonlinear aeroelastic model.




LIEU AND FARHAT 1251

= Flight test
35+ = == Full-order nonlinear aeroelastic |_|
........ ROM (60)

Damping coefficient (%), 1st torsion mode

0.8 0.9 1
Mach number, M_

Fig. 5 Variation with the freestream Mach number of the damping
ratio associated with the first torsional mode: comparison between the
results generated by i) the ROM, ii) full-order nonlinear simulations, and
iii) counterparts obtained from flight test data.

with this problem, the observed agreement between the aeroelastic
damping coefficients predicted by the ROM-based simulations and
the full-order nonlinear simulations, and those obtained from flight
test data, is considered to be good.

B. ROM Adaptation to Changes in Flight Conditions
1. Adaptation to Changes in Freestream Mach Number

First, the potential of the subspace angle interpolation method for
adapting ROMs to changes in the freestream Mach number is
illustrated. To this effect, two POD bases are precomputed at two
different freestream Mach numbers, M., =0.611 and M., =
0.799, but a fixed angle of attack «; =0 deg. Then, both the
subspace angle and the direct basis interpolation methods are applied
to the adaptation of these two ROMs to the new freestream Mach
number M, = 0.710, while maintaining the same angle of attack
a; =0 deg. Finally, an implicit time integrator is applied to the two
ROMs produced by the two aforementioned interpolation methods to
predict the transient aeroelastic response of the F-16 to a disturbance
around the new flight condition (M, = 0.710, o; = 0 deg).

Figure 6 reports the lift time history produced by the Mach-
adapted ROM using the subspace angle interpolation method. It also
compares it with that obtained by coupling the modalized structure
with the CFD-based full-order fluid model linearized around
M, = 0.710. The computed lift histories have the same dominant
frequency. However, the lift response produced by the ROM adapted
by the subspace iteration method exhibits a moderate amplitude
error.

On the other hand, the direct basis interpolation method fails to
generate a stable ROM in this case. Indeed, Fig. 7 shows that even
when a very small time step is used, and two different sizes of the
adapted ROM are considered, the computation of the lift time history
diverges.

At least for this problem, the failure of the direct linear basis
interpolation approach and the success of the subspace angle linear
interpolation method can be explained by examining the variation of
the quantity they interpolate with the freestream Mach number.
Indeed, Fig. 8 shows that within the considered Mach range, the
subspace angle varies linearly with the freestream Mach number, but
at least one component of the POD vectors exhibits a nonlinear
variation with M. Hence, it is not surprising that, at least for this
problem, the subspace angle interpolation method produces a
reasonably accurate Mach-adapted ROM, whereas the direct basis
interpolation method does not. It is also noted that earlier studies [16]
have furthermore shown that even higher-order interpolations do not
improve the accuracy of the direct basis interpolation approach.

5000 Full-order linearized
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Fig. 6 Comparison between the lift time histories generated by
i) adapting the two ROMs constructed at (M, = 0.611, &; =0 deg)
and (M, =0.799, a,) to (M, =0.710, ;) using the subspace angle
interpolation method, and ii) coupling the full-order fluid model
linearized at (M, = 0.710, ;) with the modalized structure.

Lift {1b)
o
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Fig. 7 Lift time histories generated by adapting the two ROMs
constructed at (M, = 0.611, oy =4.5 deg) and (M, = 0.799, ;) to
(M, =0.710, o) using the direct basis interpolation method: effect of
the computational time step Af and the number of POD basis vectors
(shown between parentheses).

2. Adaptation to Changes in Angle of Attack

Next, the freestream Mach number is set to M , =0.799, and the
potential of the subspace angle interpolation method for adapting
ROMs to changes in the angle of attack is examined. More
specifically, two ROMs are assumed to have been precomputed at
two different angles of attack, «; and «,, and the objective is set to
adapt these two ROMs to a new angle of attack o, with o) < & < ot,.
First, « is set to « = 2.7 deg, and various bracketing pairs («;, @)
are considered. Figure 9 reports the lift time histories obtained using
the ROMs computed by the subspace angle and direct basis
interpolation methods, respectively, and compares them with the
result of a corresponding full-order linearized aeroelastic simulation.
Both interpolation methods are shown to perform well when the
distance between the two bracketing angles of attack Ao = |o, — oy |
is relatively small. When Ac is increased, the accuracy of both
interpolation methods is decreased. However, the subspace angle
interpolation method is shown to be more robust than the direct basis
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Fig. 9 Comparison of the lift time histories generated for the flight conditions (M, = 0.799,« = 2.7 deg) using i) the ROM obtained by adaptation to
a =2.7 deg of the two ROMs constructed at M, = 0.799 and the two different angles of attack specified between parentheses; ii) the full-order

linearized model.

interpolation method. For example, when the distance between the
two bracketing angles of attack is as large as Aow = 1.2 deg, the
direct interpolation method fails to generate a stable ROM. On the
other hand, the subspace angle method produces a stable ROM in
each considered case.

Next, the damping coefficients are extracted for the first torsional
aeroelastic mode from the lift time histories generated using the full-
order linearized model, as well as the angle of attack-adapted ROMs.
The results are summarized in Table 1. Both the subspace angle and
direct basis interpolation methods are reported to produce reasonably
accurate results. The subspace angle iteration method is also shown
to be slightly more accurate than the direct basis interpolation
approach. For the largest interpolation window, the ERA software
failed to perform the identification.

To explain the limited angle of attack parameter space for which
the subspace angle interpolation method is able to perform a viable
ROM adaptation, the variations of the true subspace angles with the
angle of attack are plotted in Fig. 10. A linear trend is observed over a
large range of angles of attack. Nevertheless, as discussed above, the

subspace angle linear interpolation method does not perform well
over this entire range of angles of attack. Therefore, it is conjectured
that when this happens, the reason is that the true POD basis vectors
lie far outside the plane defined by the POD principal basis vectors
used to perform the adaptation, which invalidates the assumption
behind Eq. (29) that was stated in Sec. IIL.B. To verify this conjecture,
the POD basis is reconstructed at « = 2.7 deg. Then, the subspace
angles formed by this POD basis and the POD basis constructed at
Of = 2.4 deg (chosen here as the reference POD basis) are
compared with the subspace angles formed between the POD basis
obtained by adaptation to @ = 2.7 deg of the ROMs precomputed at
o =2.1 degand o, = 3.3 deg, and the reference POD basis. The
results are reported in Fig. 11. As expected, they reveal that the
subspace angle method performs a reasonably accurate interpolation.
However, Fig. 12 reports that for the bracketing angles of attack
o; =2.1 deg and o, = 3.3 deg, the reconstructed and adapted
POD bases have large subspace angles between their higher principal
vectors, which indicates that the exact POD vectors at the new angle
of attack lie in fact far outside the planes formed by the POD principal
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Table 1 Aeroelastic damping coefficients computed for (M, = 0.799 deg,« = 2.7 deg) using 1) the ROM
obtained by adaptation of two ROMs constructed at M, = 0.7999 and the two angles of attack specified
between parentheses, and 2) the full-order linearized model

Aeroelastic computational model First torsional Relative
aeroelastic damping error, %
ratio, %
Full-order linearized 3.02 Reference
Subspace angle interpolated ROM (2.6, 2.8 deg) 2.85 —5.6
Direct basis interpolated ROM (2.6, 2.8 deg) 2.80 7.3
Subspace angle interpolated ROM (2.4, 3.0 deg) 3.18 5.3
Direct basis interpolated ROM (2.4, 3.0 deg) 2.82 —6.6
Subspace angle interpolated ROM (2.1, 3.3 deg) Not identifiable N/A
Direct basis interpolated ROM (2.1, 3.3 deg) Not identifiable N/A

basis vectors used in the adaptation procedure. On the other hand,
when the narrower bracketing range of angles of attack
(o; =2.6 deg, o, = 2.8 deg) is used, the adapted basis is reported
to converge reasonably well toward the exact basis.

3. Adaptation to Simultaneous Changes in Freestream Mach Number
and Angle of Attack

Finally, this section demonstrates the potential of the subspace
angle iteration method for adapting aeroelastic ROMs to
simultaneous changes in both the freestream Mach number and the
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Fig. 11 Comparison of the exact and interpolated subspace angles
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angle of attack. These typically occur when considering trimmed
flight conditions at various speeds.

First, two POD bases are precomputed at two different trimmed
flight conditions (M, = 0.611,; = 4.5 deg),and (M, = 0.799,
o, = 2.4 deg). Then, the subspace angle iteration method is applied
to continuously adapt these two ROMs to generate in near real time a
suite of trimmed aeroelastic ROMs associated with 0.611 <
M, < 0.799. To evaluate their suitability for flutter analysis, these
ROMs are then used to generate transient aeroelastic responses to
various disturbances. As before, the ERA software is applied to
extract from these time responses the aeroelastic damping
coefficients of the first torsional mode of the F-16 aircraft at various
trimmed configurations. Because flight test data are not available to
the authors in this specific range of the freestream Mach number, the
resulting numerical predictions are compared in Fig. 13 with their
counterparts obtained from full-order nonlinear aeroelastic
simulations. The reader can observe that, at least for this problem,
the subspace angle iteration method performs well at adapting
aeroelastic ROMs to simultaneous changes in the freestream Mach
number and angle of attack.

Next, the subspace angle interpolation method is applied to a
Mach number range in the transonic-to-early-supersonic regime. To
this effect, two POD bases are precomputed at the trimmed flight
conditions (M., =0.923, «; =14 deg) and (M, =1.114,
o, = 1.5 deg). Then, these two ROMs are continuously adapted
t00.923 < M, < 1.114 and the corresponding trim angles of attack.
In this case, it turns out that the subspace angle linear interpolation
method fails to generate a stable adapted ROM at each of the two
operating points M, = 1.072 and M, = 1.031. This is illustrated in
Fig. 14 which focuses on the lift time histories associated with the
prediction of the transient aeroelastic responses to disturbances using
these two adapted ROMs. Figure 15 suggests that the reason behind
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Fig. 12 Subspace angles between the exact POD subspace and various
angle of attack-adapted POD subspaces (M,,, = 0.799, « = 2.7 deg).
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Fig. 14 Unstable lift time histories predicted by adapting the two

ROMs precomputed at the trimmed flight conditions (M, = 0.923,
a; =14 deg) and (M., =1.114, &, =1.5 deg) to the two new
trimmed flight conditions @/, =1.031, « =14 deg) and
M, =1.072, « =1.45 deg) using the subspace angle interpolation
method.

this failure in this case is most likely due to the nonlinear variation of
the subspace angles associated with the higher principal vectors
within the specified range of trimmed flight conditions. To resolve
this issue, an intermediate data point is introduced: a third POD basis
is precomputed at M., =1.031 and its trim angle of attack
a3 = 1.4 deg. Figure 16 reveals that using this POD basis and that
precomputed at (M., = 1.114, o, = 1.5 deg), the subspace angle
interpolation method produces an adapted ROM that tracks well the
lift time history predicted by the full-order nonlinear simulation at
M, = 1.072. Hence, the given problem is repeated and the subspace
angle interpolation method is applied this time to the piecewise
adaptation of the three precomputed ROMs described above to
0.923 < M, < 1.114 and the corresponding trim angles of attack.
Figure 17 reports the first torsional aeroelastic damping coefficients
obtained with the adapted ROMs and compares them with their
counterparts from full-order nonlinear simulations. With the
exception of the case M., =0.990, the interpolated ROMs are

Fig. 15 Variation of the true POD subspace angles with the trimmed
flight conditions.
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Fig. 16 Comparison of the lift time histories generated by i) adapting
the two ROMs constructed at the trimmed flight conditions
My, =1.031, 0y = 1.4 deg) and (M, =1.114, @, = 1.5 deg) to the
new trimmed operating point (M, = 1.072, « = 1.45 deg) using the
subspace angle method, and ii) the full-order nonlinear aeroelastic

simulation.

0.35 04

shown to track relatively well the variation of the aeroelastic
damping ratio with the freestream Mach number.

C. Computational Cost

Table 2 summarizes the details of the CPU cost associated with
constructing on 32 processors the fluid ROM at (M, = 0.799,
o = 2.4 deg) for the given F-16 aircraft configuration, using the
computational infrastructure described at the beginning of Sec. IV.
As it can be expected, the CPU time elapsed in the generation of the
computational snapshots accounts for the vast majority of the
computational cost. For comparison, Table 3 reports the CPU cost
associated with the prediction of the first 0.75 s of the transient
aeroelastic response of this aircraft to a disturbance using the various
full-order computational models, as well as the precomputed
reduced-order model. From these performance results, and the fact
that the CPU cost of a nonlinear aeroelastic simulation scales almost
linearly with the size of the time window to be covered by the
simulation, it follows that the construction of an aeroelastic ROM
and its subsequent exploitation for a time-domain aeroelastic
simulation is computationally more efficient than the comparable
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three trimmed flight conditions (M, =0.923, o, =1.4 deg),
M, =1.031, 0, = 1.4 deg), and (M,,, = 1.114, a3 = 1.5 deg) to the
new, continuously trimmed operating points (0.923 <M < 1.114,
o im) Using the subspace angle interpolation method, and ii) full-order
nonlinear simulations.

full-order nonlinear aeroelastic simulation, when the time window is
greater or equal to 0.39 s, that is, about 3 times the period of the first
dry torsional mode of this aircraft. For shorter-term simulations, the
construction and exploitation of the aeroelastic ROM becomes more
computationally intensive than the corresponding full-order
nonlinear aeroelastic simulation. Therefore, for a single flight
condition and time-domain computations, a CFD-based ROM
technology such as the one described in this paper is attractive mostly
for long-term simulations (for a discussion of related eigencompu-
tations, see [30,34] and references cited therein).

Table 2 CPU cost on 32 processors of the construction of the fluid
ROM at (M, = 0.799, « = 2.4 deg, complete F-16 configuration)

Snapshot interval Ak =0.004
Total number of snapshots 99

CPU time elapsed in snapshot generation 10,944 s (3.04 h)
CPU time elapsed in POD basis construction 10s

108 s (0.03 h)
11,062 s (3.07 h)

CPU time elapsed in matrix projections

Total CPU time elapsed in ROM construction

Table 3 CPU cost associated with the aeroelastic simulation of the first
0.75 s of the transient aeroelastic response of the F-16 aircraft
configuration using various computational models (M, = 0.799,

o =24 deg)
Aeroelastic computational model No. of processors CPU time
Full-order, nonlinear 32 21,168 s (5.88 h)
Full-order, linearized fluid coupled 32 2880 s (0.80 h)
with modalized structure
Precomputed, reduced-order (ROM) 1 72 5 (0.02 h)

As is often the case with ROMs, the computational efficiency of
the CFD-based aeroelastic ROM technology described in this paper
depends on the number of opportunities for reusing a computed
aeroelastic ROM. Because the underlying fluid ROM is computed at
a given freestream Mach number and a given angle of attack, the
opportunities for reusing it are not as numerous as often implied in
the aeroelastic literature (except perhaps for some control
applications). For flutter analysis, the typical sweep procedure
fixes the freestream Mach number and finds or clears flutter at this
point by varying the freestream density or pressure. Usually, this
takes about five iterations. Therefore, a fixed-parameter ROM
technology has the potential of reducing the computational cost of
such a flutter analysis by approximately a factor of 5. However, in
design analysis or limit cycle oscillation detection, other parameters
related to the structure such as stiffness, mass, and damping are often
varied. In such cases, the aerodynamic ROM may also be reused or
quickly recomputed [15] using additional snapshots, thus offering
increased computational savings proportional to the number of
desired analyses which can be on the order of hundreds. This is a
significant improvement for certain applications, but insufficient for
enabling routine, CFD-based, aeroelastic analyses under varying
aerodynamic conditions in design and test operations. The reader can
also note that the performance results reported in Tables 2 and 3
suggest that under the same circumstances, the full-order linearized
aeroelastic computational technology offers the same if not better
speedup factor than the CFD-based ROM technology. All this
underscores the need for a successful methodology for adapting in
near real time CFD-based ROMs to new trimmed flight conditions.

Table 4 reports the computational costs associated with the
identification on 32 processors of the aeroelastic first torsion
damping ratios in the subsonic Mach range [0.611, 0.799] and
transonic Mach range [0.923, 1.114] discussed in Sec. IV.B, using
the full-order nonlinear and adapted ROM F-16 computational
models. These results suggest that the subspace angle interpolation
method is a good step toward the objective stated above. Indeed,
when applied to the adaptation to a new freestream Mach number and
anew angle of attack of any two of the precomputed F-16 ROMs, it
consumes only 2 min of CPU time. As a result, it speeds up the
aforementioned parametric identification of the F-16 aircraft, with
respect to full-order nonlinear aeroelastic simulations, by a factor of
the order of 16 in the subsonic regime, when the Mach range [0.611,
0.799] is sampled into 19 different trimmed flight conditions. This
speedup factor is of the order of 10 in the transonic case, when the
Mach range [0.923, 1.114] is sampled into 23 different trimmed
flight conditions. The difference in computational efficiency
between the subsonic and transonic cases is due to the use of four
rather than two precomputed ROMs in the Mach range [0.923, 1.114]
to fix the inaccuracy at M, = 0.990 observed in Fig. 17.

V. Conclusions

There are three important facts to keep in mind when considering a
CFD-based aeroelastic ROM for aircraft applications: 1) a
computational aeroelastic ROM is typically constructed at a given
freestream Mach number M, and given angle of attack «, 2) its
construction can be CPU intensive, and 3) once constructed, it lacks
robustness with respect to changes in M, and «. Hence, to enable
routine aeroelastic numerical simulations in design, analysis, and test
operations, a ROM-based computational technology should include

Table 4 Identification of the aeroelastic first torsion damping ratios of the F-16 fighter: comparative CPU costs on 32 processors of 1) full-order
nonlinear simulations, and 2) adapted-ROM simulations

Mach range AM Nyt Total CPU full-order Total CPU adapted CPU ROM CPU ROM CPU¢ response
nonlinear simulations ROM simulations generation adaptation (SAIM)? analysis

0.611-0.799 0.1 19 111.72h 7.09 h 6.14h (3.07 h/ROM)  0.57 h (2 min /ROM) 0.38h

0.923-1.114 0.01 23 13524 h 13.37h 12.28 h 0.63 h 0.46h

“Nys. = no. of trimmed flight conditions.
"SAIM = subspace angle interpolation method.
“Serial execution (on a single processor).
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a means for rapidly adapting a precomputed ROM to different
freestream Mach numbers and different angles of attack. When the
fluid ROM is based on the proper orthogonal decomposition method,
the following results are consistently observed for verified and
validated aeroelastic computations performed on an F-16 clean wing
configuration. Interpolating the basis vectors of two bracketing
ROMs is not a good adaptation algorithm because these vectors vary
nonlinearly with M, and o within any reasonable interval for each of
these two parameters. On the other hand, the principal angles
between the subspaces of two bracketing ROMs appear to vary
linearly within reasonably large intervals of a given subsonic
freestream Mach number, say [0.6, 0.8], but intervals half this size in
the transonic regime. For this reason, the subspace angle linear
interpolation method, which was refined in this paper to address
simultaneous changes in both the freestream Mach number and angle
of attack, succeeds at adapting aeroelastic ROMs to different
trimmed flight conditions for problems where the direct interpolation
of the ROM basis vectors fails to do so. Furthermore, it completes the
ROM adaptation in an amount of CPU time that is 2 orders of
magnitude smaller than that required for constructing one ROM.
However, realizing the full potential of the subspace angle
interpolation method requires extending it to higher-order
interpolation schemes, a goal that is currently pursued by the
authors of this paper.
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